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FOR QUASI-LINEAR ELLIPTIC OPERATORS 
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Abstract. For quasi-linear elliptic equations we detect relevant properties which remain invariant 
under the action of a suitable class of diffeomorphisms. This yields a connection between existence 
theories for equations with degenerate and non-degenerate coerciveness. 
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1. Introduction 

Let be a smooth bounded domain in M^. In the study of the nonhnear equation 

(1.1) — div(j^(x, n, Vn)) + js(x, n, Vn) = (/(x, n) in f], 

an important role is played by the coerciveness feature of j, namely the fact that there exists a 
positive constant o" > such that 

(1.2) j{x, s, C) > o-|Cp, for a.e. x e ft and all (s, C) e M x M^. 

Under condition (1.2) and other suitable assumptions, including the boundedness of the map 
s I—)- j{x,s,^), equation (1.1) has been deeply investigated in the last twenty years by means of 
variational methods and tools of non-smooth critical point theory, essentially via two different 
approaches (see e.g. [3] and [10] and references therein). More recently, it was also covered the 
case where the map s i— ?> j{x, s,|) is unbounded (see e.g. [4] and [18], again via different strategies). 
The situation is by far more delicate under the assumption of degenerate coerciveness, namely for 
some function cr : M ^> M"*" with a{s) ^> as s — >■ oo, 

(1.3) jix,s,0 >cr{s)\(,\'^, for a.e. X G J7 and aU (s,0 e M X M^. 

To the authors' knowledge, in this setting, for j of the form {b{x) + |s|)~^'^|^p/2, the first con- 
tribution to minimization problems is [8], while for existence of mountain pass type solutions we 
refer to [5], the main point being the fact that cluster points of arbitrary Palais-Smale sequences 
are bounded. See [1] for more general existence statements and [6, 7] for regularity results. 

Relying upon a solid background for the treatment of (1.1) in the coercive case, the main 
goal of this paper is that of building a bridge between the theory for non-degenerate coerciveness 
problems and that for problems with degenerate coerciveness. Roughly speaking, we see a solution 
to a degenerate problem as related to a solution of a corresponding non-degenerate problem, 
preserving at the same time the main structural assumptions typically assumed for these classes of 
equations. To this aim, we introduce a suitable class of diffeomorphisms ip € C^(M) and consider 
the functions jf : 17 x R x ^ M and 5" : x M ^ R, defined as 

j\x,s,0 = j{x,'p{s),ip'{s)^), gKx,s) = g{x,ip{s))ip'{s), 
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for a.e. x e n and all (s,0 G M x M^. Then, if (1.3) holds, we can find > such that 

for a.e. x £ Q, and all (s,^) G M x M^, thus recovering the non-degenerate coerciveness from the 
original degenerate framework. We shall write the corresponding Euler's equation as 

(1.4) — div{j'^{x,v,'Vv)) + jl{x,v,\/v) = g\x,v) in f]. 

A first natural issue is the correspondence between the solutions of (1.1) and the solutions of (1.4) 
through the diffeomorphism ip. Roughly speaking, the natural connection is that u = f{v) is a 
solution of (1.1) when is a solution to (1.4), in some sense. On the other hand, in general, 
^{v) ^ Hq[Q) although v G Hq{^). Hence, the notion of solution for functions in the Sobolev 
space Hq{U) cannot remain invariant under the action of unless v G L°°(f]). In fact, we provide 
a new definition of generalized solution which is partly based upon the notion of renormalized 
solution introduced in [12] in the study of elliptic equations with general measure data and partly 
on the variational formulation adopted in [18]. The new notion turns out to be invariant under 
diffeomorphisms (Proposition 2.6) as well as conveniently related to the machinery developed 
in [18]. Moreover, we detect two relevant invariant conditions. The first (Proposition 2.11) is a 
modification of the standard (non-invariant) sign condition 

(1.5) jsix, s, ^)s > 0, for all js| > R and some i? > 0, 
namely there exist e G (0, 1) and R>0 such that 

(1.6) (1 - e)j^{x, s, ■ ^ + js{x, s, Os > 0, 

for a.e. x G JTi and ah (s,^) G M x such that |s| > R. Condition (1.5) is well known [3-5,10,18] 
and plays an important role in the study of both existence and summability issues for (1.1). The 
second one (Proposition 2.15) is the generalized Ambrosetti-Rabinowitz [2] condition: there exist 
6 > 0, u > 2 and R>0 such that 

(1.7) ijj{x,s,C) - {l + d)j^{x,s,C) ■ C - js{x,s,^)s - ijG{x,s) +g{x,s)s > 0, 

for a.e. x £ Q and all {s,^,) G M x with |s| > R. Typically, this condition guarantees that 
an arbitrary Palais-Smale sequence is bounded [3,4,10,18]. The invariant properties for growth 
conditions are stated in Proposition 2.3, 2.9 and 2.10. In the situations where 

j|(x, s,^)s > 0, for all |s| > R^ and some R^ > 0, 

the results of our paper allow to obtain existence and multiplicity of solutions for problems with 
degenerate coercivity by a direct application of the results of [18] (see Theorem 3.1). This is new 
compared with the results of [5], since the technique adopted therein does not allow to obtain 
multiplicity results. In addition, contrary to [5], under certain assumptions on the nonlinearity 
g, the solutions need not to be bounded. The further development of the ideas in this paper, is 
related to strengthening some of the results of [18], in order to allow the weaker sign condition (1.6) 
to replace the standard sign condition (1.5). Then existence and multiplicity theorems for coercive 
equations with unbounded coefficients automatically recover existence and multiplicity theorems 
for equations with degenerate coercivity. This will be the subject of a further investigation. 

The plan of the paper is as follows. 

In Section 2.1 we introduce a new notion of generalized solution for (1.1) and prove that it is 
invariant under the action of ip. In Section 2.2 we show how (p affects some useful growth conditions. 
In Section 2.3 we study the invariance of the sign condition (1.6) and get some related summability 
results. In Section 2.4, we consider the invariance of an Ambrosetti-Rabinowitz (AR, in brief) type 
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inequality (1.7). Finally, in Section 3, we shall get a new existence results for multiple, possibly 
unbounded, generalized solutions of (1.1). 

2. Invariant properties 

Now let Q be a smooth bounded domain in M.^ . We consider j : x M x — t- M with j(-, s, ^) 
measurable in for all s G M and ^ € and j(x, •, •) of class for a.e. x ^ ft. Moreover, we 
assume that the map ^ j{x, s, ^) is strictly convex and there exist a,j,fi : M'^ — )• M'^ continuous 
with a{s) > 1 for all s G M"^ and such that 

(2.1) -^\^\'<j{x,s,0<a{\.s\m', 

a{\s\) 

(2.2) \js{x,s,0\<l{\s\m^ \j^ix,s,0\<IJ^{\s\m, 

for a.e. x € and all (s,^) G M x M.^ . Actually, the second inequality of (2.2) can be deduced by 
the strict convexity of ^ iH> j{x,s,^) and the right inequality of (2.1). Furthermore, again by the 
strict convexity of ^ i-> j{x,s,S,) and the left inequality of (2.1) it holds 

p.3) ,,(.,.,^).f>_L^l^l^ 

see [18, Remarks 4.1 and 4.3]. Without loss of generality, one may assume that a,7,/U : M"*" — >■ R"*" 
appearing in the growth conditions of j,js,j^ are monotonically increasing. Indeed, we can always 
replace them by the increasing functions aoj 70,^0 : I^"*" — ^ defined by 

ao(r) = sup a{\s\), 7o(r) = sup 7(l'5|), fJ^o{r) = sup fi{\s\). 

sG[— r,r] sG[—r,r] s£[—r,r] 

We shall also assume that (7:r2x]R— )-Misa Caratheodory function such that 
(2.4) sup \g{-,t)\ € L^{n), for every s € M+, 

\t\<s 

and we set G{x, s) = Jq g{x, t)dt, for every s G M. 

Definition 2.1. For an odd diffeomorphism 99 : M ^ R of class such that (/?(0) = 0, we consider 
the following properties 



(2.5) f'i^) ^ 0"y^a(|(/3(s)|), /or a// s G M an(i some > 0. 

(2.6) ^^eM = i+ lim £^^ = ^-, /or some /3 G [0, 1). 
S-S.+00 (/?(s) If [s) 1 — P 

A simple model satisfying the requirements of Definition 2.1 is the function 

(2.7) (p{s) = s{l + s'^)^^ , forallsGM, < /3 < 1, 
in the case when a{t) = C(l + 1)^^, for some C > 0. 

Definition 2.2. Consider the functions 

j -MxRxR^ ^R, g-MxR^R, G -MxR^R, 
and let tp G C^(M) 6e a diffeomorphism according to Definition 2.1. We define 
: O X M X ^ M, g^ -.fixR^R, -.flxR^R, 

by setting 

j\x,s,S,) = j{x,ip{s),ip'{s)0, 
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for a.e. x G and all {s,^,) G M x and 

g\x, s) = g{x, ^{s))ip'{s), s) = f g\x, t)dt = G{x, ^{s)), 

Jo 

for a.e. x & Q and all s € M. 

Now we see that if turns a degenerate problem associated with j into a non-degenerate one, 
associated with and that j", j| and satisfy growths analogous to those of j,js and j^. 

Proposition 2.3. Let ip € C^(M) be a diffeomorphism which satisfies the properties of Defini- 
tion 2.1. Assume that a,7,/i : M"*" satisfy the growth conditions (2.1)-(2.2). Then there 
exist continuous functions a^,'~^^,iJ' : M^" — )• M"^ and cr" > such that 

<T^\C\'<jK^,s,0<aH\s\m\ 

\jKx,s,o\<iK\s\m\ \jl{x,s,o\<^^K\sml 

for a.e. x e 0. and all (s,^) G M x M^. 

Proof. In light of (2.1) and of (2.5) of Definition 2.1, for = o"^, we have 

< -^^^%-Ae<j{^,^is),^'{s)0 < aMs)\)^'{sm' 
a{\^p{s)\) 



for a.e. x G and all (s,^) G M x . Furthermore, by virtue of (2.2), we have 

\jl{x,s,0\<{^'{s)f^,Ms)\m, 

for a.e. x G ft and all (s, ^) G M x M^, as well as 

\jl{x,s,0\ < [lv^"(.)|MI'^(^)lV(«) + (9^'(«))'7(l^(s)|)]|^P, 
for a.e. x G $7 and ah (s,^) G M x . The assertions follow with a^,-f^,ij,i :R^R+, 

aKs) = aM.sW{s)^ 

7»(s) = \ip"{sMMsW{s) + {^'{s)fjMs)\), 
/.«(«) = (V9'(.))V(|V'(^)I), 

for all s G M. Of course, without loss of generality, one can then substitute a", 7^,//" with even 
functions satisfying the same growth controls. □ 

2.1. Generalized solutions. For any A; > 0, consider the truncation : M ^ M, 

n{s) = h ^or \s\<k, 

I A;sign(s) for |s| > k. 

Moreover, as in [18], for a measurable function u : — )• M, let us consider the space 

(2.8) Vu = {ve H^{n) n L°°(17) : u G L°°({t; / 0})}. 

This functional space was originally introduced by Degiovanni and Zani for functions u of Hq{Q), 
in which case Vu turns out to be a dense subspace of HQ{fl) (cf. [15]). Observe that, in view of 
conditions (2.2) and (2.4), it follows 

j^{x,u,Vu) -Vv e L'^ifl), jsix,u,Vu)v e L^{fl), g{x,u)v e L^{fl), 

for every v G Vu and any measurable n : ^> M with Tf^{u) G HQ{fl) for every A; > 0. For such 
functions, according to [12], the meaning of Vn will be made clear in the proof of Proposition 2.6. 
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In the spirit of [12], where the notion of renormahzed solution is introduced, and [18], where the 
notion of generalized solution is given, based upon Vu, we now introduce the following 



Definition 2.4. We say that u is a generalized solution to 
(2.9) 



div {jj:{x,u,Vu)) + js{x,u,Vu) = g{x,u), in 0, 
u = 0, on dQ, 



if u is a measurable function finite almost everywhere, such that 

(2.10) Tkiu) G H^in), for all k > 0, 
and, furthermore, 

(2.11) jg(2;,u, Vn) • Vn G L^(0), js{x,u,Vu)u e L^{n), 
and 



g{x, u)w, \/w G Vu- 



(2.12) / jg(x, n, Vn) • Vu? + / js{x,u,\/u)w = j 

Jn Jn Jn 

Remark 2.5. We point out that, in [18, Definition 1.1], a different notion of generalized solution 
of problem (2.9) is introduced when u belongs to the Sobolev space -?/g(r2). On the other hand, 
actually, by [18, Theorem 4.8] the two notions agree, whenever u G Hq{Q,). Also, the variational 
formulation (2.12) with test functions in Vu is conveniently related to the weak slope [11,14] of the 
functional associated with (2.9), see [18, Proposition 4.5] (see also Proposition 2.13). 

The following proposition establishes a link between the generalized solutions of the problem under 
the change of variable procedure. 

Proposition 2.6. Let ip G C^(M) be a diffeomorphism which satisfies the properties of Defini- 
tion 2.1. Assume that v is a generalized solution to 



(2.13) 



-div(j^(x, u, Vf )) + j|(x, u, Vf ) = g^{x,v) inil, 
f = 0, on dVl. 



Then u = f{v) is a generalized solution to 

j -div(j^(2;,'u, Vu)) + js{x,u,Vu) = g{x,u), in ft, 
I u = 0, on 50. 



(2.14) 



// in addition v e D L'^ifl), then u e D L°°{n) is a distributional solution to (2.14). 

Proof. As proved in [12], for a measurable function u on 0, finite almost everywhere, with Tk{u) G 
Hq{Q) for any A: > 0, there exists a unique w : — )• R-^, measurable and such that 

(2.15) VTk{u) = uJX{\u\<k}i almost everywhere in 0, and for all > 0. 

Then, the gradient Vu of u is naturally defined by setting Vu = uj. Assume that : M M is a 
diffeomorphism with (p{0) = and that for a measurable function u on J7 it holds Tfc(u) G Hq{^1) 
for every k > 0. Then, setting u = 9j(u), it follows Tk{u) G Hq{U) for every k > 0. In fact, given 
k > 0, there exists h > such that Tk{u) = {Tk o ip) o Th{v). Since o : M — > R is a globally 
Lipschitz continuous function which is zero at zero, it follows that Tfc(u) G Hl{Q) for all > 0. 
Moreover, if Vu and Vu denote the gradients of u and v respectively, in the sense pointed out 
above, we get the following chain rule 

(2.16) Vu = (p'{v)Vv, almost everywhere in Q. 
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In fact, for all /c > 0, since Tk{u),Th{v) G Hq{Q.), from Tk{u) = (T^ o ip) o Th{v) we can write 

Vn{u) = {TkO^)'{Th{v))VTh{v), 
for every > 0, namely, by (2.15), 

(2.17) ^'^X{\^(v)\<k} = {Tk ° {Th{v))\/vx{\v\<h}, almost everywhere in Q. 

Let now x € be an arbitrary point with \v{x)\ < h. In turn, by construction, |(y9(t'(x))| < k, and 
formula (2.17) yields directly 

(2.18) Vu = (Tyfc o (fy(v)\/v, almost everywhere in {l-yl < h}. 

Formula (2.16) then follows by taking into account that (T^ o (^)'(ti(a;)) = (p'(v{x)) almost every- 
where in {l-L"! < h} and by the arbitrariness of /i > 0. 

Let now u be a generalized solution to (2.13), so that Tk{v) G Hq{Q,) for all k > 0. As pointed 
out above, it follows that Tf^{u) S Hq{Q) too, for every /c > and the chain rule Vu = ip'{v)S/v 
holds, almost everywhere in 0. From the definition of generalized solution we learn that 

(2.19) jl{x,v,Vv) -Vv £ L^{n), jl{x,v,Vv)v £ L^{Q), 
as well as 

(2.20) jl{x,v,Vv) -Vw + jl{x,v,Vv)w= g^{x,v)w, yweVy. 
Jn Jn Jn 

Notice that, for any w G Vy, the integrands in (2.20) are in L^{Q), by Proposition 2.3, the definition 
of K and Vv = VTk{v) G L'^{{w / 0}) for any k > ||t;||L-{{t«7^o})- In light of (2.16) and (2.19), it 
follows that 

j^{x,u,Vu) ■ Vu = j\{x,v,Vv) ■ Vv £ L^{n). 
Moreover, a simple computation yields 

jl{x,v,Vv)v = \'^^^^^X{vj^o}\js{x,u,Vu)u+ \ ^^J-^^ ]j^{x,u,Vu) -Vu. 
L ip[v) ^ ^ '} I ip'{v) J 

Hence, in view of (2.6), it follows that js{x,u,'Vu)u G L^(il), being j^(x, u, Vu) • S/u G L^{0,) and 
jl{x,v,Vv)v G L^(il). This yields the desired summability conditions. For any w £Vi,, consider 
now w = tp'{v)w. We have w G Vu- In fact, since v G L°°{{w ^ 0}), we obtain w G i/g (fi) nL°°(n) 
and u = ip{v) G L°°({i(; ^ 0}) = L°°{{'w ^ 0}), since if' is positive by virtue of (2.5). Of course, 
we have w = ip' {Tk{v))w, for all k > ||?^||loo({«;^o})- Hence, recalling (2.15), from 

V{ip'{Tk{v))w) = 'Wip"{Tk{v))Vvx{\v\<k} + ip'iTk{v))Vw, for any fc > 0, 

by choosing k > IbllL^odio^o}); conclude that 

Vw = WLp" {v)Wv + ip'{v)S/w, almost everywhere in ^l. 

Therefore, by easy computations, we get 

(2.21) jf(x,u,S/u) ■ Vw = jUx,v,Vv) ■ Vw + ^ [^^^ jc(x,u,Vu) ■ Vu, 

^ (f [v) 

(2.22) js{x, u, Vu)w = jlix, V, Vv)w - ^^f^M^, u, Vu) ■ Vu, 
yielding 

j^{x,u,Vu) - Vw G L^(f]), js{x,u,Vu)w G L^{^}), 
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since v, Vv) ■ Vw € L^{Q), jt{x, v, Vv)w G L^(il) and 

r I ^ j i^x, u, Vn) ■ Vnl = / l^^-j^^ j^{x,u,Vu) ■ Vu] < C [ I n, Vn) • Vul . 
By adding identities (2.21)-(2.22) and recalling the definition of g^{x,v), we get from (2.20) 

j^(x, n, Vn) • V?i) + / js(x, n, Vn)w) = / g{x,u)w, w = ip' {v)w ^ Vu- 
Given any z G Vu, we have n; = = ^i(Tk{v)) ^ ^ > Ik IIl-^CI^t^o})- In turn, 

/ j^{x,u,Vu) ■Vz+ js{x,u,Vu)z = / g{x,u)z, for every z G K, 
Jn Jn Jn 

yielding the assertion. Finally, if n is a bounded generalized solution to (2.13), n G Hq{Q) is 
bounded too and it follows that n = f{v) is a distributional solution to (2.14). □ 

Remark 2.7. The gradient Vn = u does not agree, in general, with the one in the sense of 
distributions, since it could be either n L^^^{Q) or w ^ Ll^^{Q,,'R^). If w G Ll^^{Q,'R^), then 
u G W{-^^{n) and a; agrees with the distributional gradient [12, Remark 2.10]. 

Under natural regularity assumptions, a generalized solution is, actually, distributional. 

Proposition 2.8. Assume that u is a generalized solution to problem (2.9) and that, in addition 

(2.23) j^{x,u,Vu) G L/„,(0;M^), j.(x,n, Vn) G Li^{n), g{x,u) G Ll,m. 

Then u solves problem (2.9) in the sense of distributions. 

Proof. Let : M — )• M be a smooth cut-off function such that < if < 1, H{s) = 1 for |s| < 1 
and H{s) = for |s| > 2. Given k > Q and 93 G C^(0), consider in formula (2.12) the admissible 
test functions w = = H {T2k+i{u) / k)ip G Vu- Whence, for every A: > 0, it holds that 



j^{x,u,Vu) ■ H{T2k+i{u)/k)V(p + / ji:{x,u,Vu) ■ H' {T2k+i{u)/k)l/kVT2k+i{u)ip 
1 Jn 

(2.24) + / js{x,u,Vu)H{T2k+iiu)/k)ip = [ g{x,u)H{T2k+i{u)/k)^. 



Taking into account that j^{x,u, Vn) • Vn G L^(0) and by (2.15), for all /c > we have 
|jg(x,n, Vn) • H'{T2k+i{u)/k)l/kVT2k+i{u)^\ < C\j^{x,u,Vu) ■ Vn| G L\n), 
yielding, by the Dominated Convergence Theorem, 

lim / j^{x,u,\/u) ■ H'{T2k+iiu)/k)l/kVT2k+iiu)(p = 0. 
Jn 

On account of assumptions (2.23), the assertion follows by letting — > 00 into (2.24), again in 
light of the Dominated Convergence Theorem. □ 

2.2. Further growth conditions. The next proposition is useful for the study of the mountain 
pass geometry of the functional associated with problem (1.1). 

Proposition 2.9. Let G C^(]R) be a diffeomorphism satisfying the properties of Definition 2.1 
and such that 

(2.25) < lim < +00, 
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and let a" : — )■ be the function introduced in Proposition 2.3. Let v > 2(1-/3), ki € 
with ki > 0, /C2 € L^{n), k^ € L'^^/^'^+'^^n). Assume that 

(2.26) lim^^^ = and G(x, s) > kUxMsl" - k2(x) - k^lxMsl^^'^ , 

s— j-oo s ^ 

/or a. e. x € ^2 anii a// s G JR. T/ien there exist > 2 such that 

^limp^ = and G\x, s) > kl{x)\sf - kl{x) - kl{x)\s\, 

for a.e. x and all s G M, for some /c} G i°°(^^), > 0, A;^ G L^(f]) and /c^ G L'^(O). 
Proof. By assumption (2.25) and (2.6), for z^" = jz:^, we have 

iytI-2 ,s->oo .S-5-00 eI^l'-2 



s— >+oo gi^"— 2 s— >-oo (/?(s) 



Finally, if G{x, s) > ki{x)\s\'^ — k2{x) — A;3(x)|s|^ ^ , condition (2.25) yields 

G^{x,s) > ki{x)\ip{s)\'' - k2{x) - k3{x)\ip{s)\'^~'^ > kl{x)\s\''' - kl{x) - kl{x)\s\, 

for a.e. x G Q and all s G M, for suitable k'j : ^2 ^ M, j = 1, 2, 3, with the stated summability. □ 

Now, we see how the nonlinearity g gets modified under the action of a diffeomorphism. 

Proposition 2.10. Let ip G C^(M) he a diffeomorphism which satisfies the properties of Defini- 
tion 2.1 with < /3 <2/N, N >3 and such that (2.25) holds. Let g -.nxR^R satisfy 

(2.27) \g{x,s)\ < a{x) + b\s\P~^ for a.e. x e and all s £ R, 

for some a G L^+^^^^p-^^^' (J]), q > b>0 with 2<p< 2*(1 - f3). Then, we have 

\g^{x, s)\ < a^{x) + ^Isl^""-^ for a.e. x e il. and all s G M, 
for some 2 < p^ < 2* and a" G L''(fi). 

Proof. Taking into account (2.25) and (2.6), for a.e. x G ^2 and all s G M we have 

loHx, s)\ < a{x)ip'{s) + b\ip{s)\P-^ip'{s) < Ca{x) + G + Ca{x)^^ + C\s\^~\ 



yielding the assertion with p^ = and a" = Ga + C + Ga p-i . □ 

2.3. Sign conditions. The classical sign condition (1.5) is not invariant under diffeomorphism 
as Proposition 3.4 shows. The next proposition introduces a different kind of sign condition that 
remains invariant under the effect of ip. 

Proposition 2.11. Let G C^(M) be a diffeomorphism which satisfies the properties of Defini- 
tion 2.1. Assume that there exist e G (0, 1 — /3] and R>0 such that 

(2.28) (1 - e)j^{x, s,0-C + js{x, s, > 0, 

for a.e. x G and all (s,^) G M x with \s\ > R. 

Then there exist G (0, 1] and i?^ > such that 

(l-e«)4(x,s,0 •^ + iS(x,s,e)s >0, 
for a.e. x e Q and all (s,^) G M x with \s\ > RK 
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Proof. Let us write e = £o{l — /?), for some eo G (0, 1]. By taking into account (2.6), there exists 
< 6 < eo(l + eo(l - Z?))"^ and R'>^ > sufficiently large that 

^ I f"{s)s ^ ip'is)s ^ ip'{s)s ^ 1 ^ 



ip'{s) Lp{s) ' (f{s) 1-/3 
and \ip{s)\ > R for all s € M such that jsj > Then, in turn, we get 
j\{x,s,0 ■ i + jl{x,s,i)s 

= (l + J« ^{s),^'{s)i) ■ ^'{s)i + ^^js{x, ^{s), ^'{s)iMs) 

for a.e. x and ah (s,^) G R x with \s\ > RK Setting 

ett = eo-<5(l + eo(l-/3)) G (0,1], 

it follows by assumption that 

j\{x,s,i)-i + jl{x,s,Os > [e^^^ - 5)j^{x,ip{s),ip'{s)0 ■ V'is)^ > e«4(x,s,0 

for a.e. x ^ Q and all (s,^) G M x with \s\ > RK This concludes the proof. □ 

Remark 2.12. In the literature of quasi-linear problems like (1.1) the (say, positive) sign condition 
js(x,s,^)s > is a classical assumption (cf. [3,10] and references therein), helping to achieve both 
existence and summability of the solutions. On the other hand, in [17] , when j{x, s, ^) = A{x, s)^-^, 
the existence of solutions is obtained either with the opposite sign condition or even without any 
sign hypothesis at all. To handle this situation, alternative conditions as [17, Assumption 1.5] are 
assumed, which imply (2.28) (at least for s > R) for suitable e, as it can be easily verified. 

Under the generalized sign condition (2.28), we get a summability result which improves [18, 
Lemma 4.6]. This also shows that condition (2.11) in Definition 2.4 is natural. For a function /, 
the notation \df\{u) stands for the weak slope of / at n (cf. e.g. [11,14]). 

Proposition 2.13. Assume that (2.2) holds and that there exist e G (0, 1) and R > with 

(2.29) (1 - e)j^{x, s, • e + jsix, s, Os > 0, 
for a.e. x and all {s,^,) G M x M.^ with \s\ > R. Let us set 

I{u) = [ j{x,u,Vu), ueH^in). 
Jn 

Then, for every u G dom(/) with \dl\{u) < +00, we have 

(2.30) / ji:{x,u,Vu)-Vu + js{x,u,Vu)u<\dI\{u)\\u\\i^2- 

In particular, there holds 

j^{x, u, Vu) • Vn G L^{n), js{x, u, Vu)u G L^{VL), 
and there exists ^ G H~'^{Q) with \\'^\\fj-i < \dl\{u) such that 

j^{x,u,Vu) ■ Vw + js{x,u,'Vu)w = {"^,w), ywGVu. 
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Proof. Let 6 G M be such that b > I{u). Notice first that if u is such that 

/ j^{x,u,\/u) ■ \/u + js{x,u,\/u)u < 0, 
Jn 

then the conclusion holds. Otherwise, let a be an arbitrary positive number such that 

j(^{x, u, Vn) • Vn + js{x, u, Vu)u > a\\u\\i^2- 



n 



Fixed ?7 > 0, we set a ^ = ||n||i^2(l + Let us prove that there exist 6 > such that, for all 
V & B{u, 6) and for any r G L°°(r2) with ||r||oo < S, it follows 



(2.31) / [js{x,w, {1 — aT)Vv)v + j^{x,w, {1 — aT)Vv) ■ Vv] > a\\u\\i^2, 
Jn 

where w = {1 — aT)v. In fact, assume by contradiction that this is not the case. Then, we find 
a sequence (f„,) C -ffo(^^) with — tt||i,2 — )• as n — )• oo and a sequence (r„) C L°°{Q) with 
||i"n||oo — )• as n — > oo such that, denoting Wn = — aTn)vn for all n > 1, it holds 

(2.32) / \js{x, Wn, (1 - aTn)S/Vn)Vn + j^{x, W„, (1 - aT„)Vf„) • VVn] < 0-||'u||l,2- 

Jn 

Since t;„ ^ ti in Hq[U) and r„ ^ in L°°(il) as 7i — )■ oo, a.e. in Q. we have that 

jsix,Wn, (1 - aTn)VVn)Vn + j^{x,'Wn, (1 - ar„)Vu„) • Vu„ jsix , U,Vu)u + j^{x, U,Vu) ■ Vu. 

Moreover there exists a positive constant C{R) such that, for every n > 1, 

(2.33) js{x,Wn, (1 - aTn)VVn)Vn + j^{x,Wn, (1 - aT„)Vf„) • VVn > -C {R)\VVn\'^ ■ 

In fact, if |i(;„(x)| > R, from condition (2.29) the left hand side is nonnegative. If instead |«;„,(3;)| < 
R, we can assume |fn(3;)| < 2R, and by (2.2) we get 

\jsix,Wn,i'^ - aTn)Vvn)vn + j^{x,Wn, (1 - ar„)Vi;„) • Vu„| 

< j{\Wn\)\Vn\\VVn\^ + /i( |i(;„ | ) j V^;„ ^ < {2j{R)R + fl{R))\VVn\^. 

Then, we are allowed to apply Fatou's Lemma, yielding 

liminf / [js(x, w„, (1 - ar„)V't;„)i)„ + jV(x, w„, (1 - ar„)V't;„) • \/vn] 

> / js{x,u,\/u)u + j^{x,u,'Vu) ■ Vu > a\\u\\i^2, 
Jn 

which immediately yields a contradiction with (2.32). Hence (2.31) holds, for some 6 > 0. Observe 
that, since j{x, •, •) is of class for a.e. x € Q then, for any t G [0, 1] and every v G dom(/), there 
exists < t{x, t) < t such that 

(2.34) j{x, (1 - at)v, (1 - at)Vv) - j{x, v, Vv) = 

— at\js{x, (1 — aT)v, (1 — aT)Vv)v + j^{x, (1 — aT)v, (1 — aT)S/v) • Vv]. 
As for the inequality (2.33), for some C{R) > 0, for t small enough it holds 

jsix, (1 - aT)v, (1 - aT)S/v)v + j^{x, (1 - aT)v, (1 - aT)Vv) ■ S/v > -C{R)\S/v\'^. 
Whence, if v G dom(/) by (2.34) it follows that (1 - at)v G dom(/) for all t G [0, 6] and 

(2.35) js{x, (1 — qt)u, (1 — aT)Vv)v + j^{x, (1 — ar)u, (1 - aT)Vv) ■ Vv G L^{n). 

Up to reducing 6, we may assume that 5 < r]\\u\\i^2- Then, for all v G B{u,6), we have ||u||i,2 < 
(1 + 77)11^11 = a~^- Consider the continuous map V. : B{u,5) H x [0,6] Hq{^}) defined as 
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= (1 - at)v, where = {t; € Hl{n) : I{v) < b}. From (2.31) (applied, for each t e [0,(5], 
with the function T(-,t) G L°°(0, [0, 5]) for which identity (2.34) holds) and identity (2.34), for 
every t G [0, 6] and v G B{u, 6) PI we have 

||^(^^, t) - ^^111,2 < t, I{n{v, t)) < I{v) - -^t. 

Then, by means of [14, Proposition 2.5] and exploiting the arbitrariness of rj, we get |d/|(n) > a. 
In tm'n, (2.30) follows from the arbitrariness of a. Concerning the second part of the statement, 
since \dl\{u) < +oo, from (2.29) and (2.30), 

(2.36) j^{x, u, Vu) ■ Vn + js{x, u, Vu)u G L^{Q.). 

In turn, using again (2.29), it follows jg(a;, n, Vn) • Vu G L-'^(il), since 

eji:{x,u,Vu) ■ Vn < eii{R)\Vu\^ +ej^{x,u,Vu) ■ Vux{\u\>R} 

< efi{R)\Vu\'^ + \js{x, u, Vu)u + j^{x, u, Vn) • Vn|. 

Then, by exploiting (2.36) again, js{x,u,'Vu)u G L^{ft). The final assertion does not rely upon 
any sign condition and follows directly from [18, Proposition 4.5]. This concludes the proof. □ 

In the next result we show that it is possible to enlarge the class of admissible test functions. 
In order to do this, suppose we have a function n G Hq^^I) such that 



(2.37) / j^{x,u,S/u) -Vz + js{x,u,Vu)z = {w,z), Vz G K, 
Jn Jn 

for w G H~^{Q,). Under suitable assumptions, if (2.29) holds true, we can use Cu G -H'o(^^) with 
C G L°°(r2) as an admissible test functions in (2.37), generalizing [18, Theorem 4.8]. 

Proposition 2.14. Assume that (2.2) and (2.29) hold. Let w G H~'^{Q), and let u G Hq{Q) be 
such that (2.37) is satisfied. Moreover, suppose that j^{x,u, Vn) • Vn G ^^($7) and that there exist 
V G Hq{Q,) and rj G L^(il) such that 

(2.38) js{x,u,Vu)v > rj and j^{x,u,'Vu) ■ S/v > rj. 
Then js{x, n, Vn)n G L^{Q,), j^{x, n, Vn) • Vn G L^(^) and 

(2.39) / jg(x, n, Vn) • Vn + / js{x,u,Vu)v = {w,v). 



In particular, if C ^ L°°{Q,), C ^ 0, ^ -f^o(^) and j^{x,u,Vu) ■ V(Cn) G L^{U) then it follows 
that js{x,u,'Vu)Cu G L^(il) and 

(2.40) [ j^ix,u,Vu) ■ V(Cn) + / jsix,u,Vu)Cu = {w,Cu). 

Proof. The first part of the statement follows by means of [18, Theorem 4.8]. By assumption (2.29) 
and since C is nonnegative and bounded, we have 

js(x,n,Vn)Cn = Cjs{x,u,\/u)ux{\u\<R} + Cjs{x,u,Vu)ux{\u\>R} 

> -i?7(i?)||C||L-(n)|Vn|2 - (1 - e)Og(x, n, Vn) • Vn G L\n). 

The last assertion of the statement then follows from the first one. □ 
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2.4. AR type conditions. Some Ambrosetti-Rabinowitz type conditions, typically used in order 
to guarantee the boundedness of Palais-Smale sequences, remain invariant. 

Proposition 2.15. Let (p G C^(M) be a diffeomorphism which satisfies the properties of Defini- 
tion 2.1. Assume that there exist 5 > 0, u > 2(1 — /3) and R > such that 

T^3{x,s,i) - (1 + 5)i^{x,s,i) ■ i- js{x,s,i)s - uG{x,s) +g{x,s)s > 0, 

and G{x, s) > for a.e. x e and all {s, ^) e M x with \s\ > R. 
Then there exist 6'^ > 0, v"^ > 2 and R^ > such that 

Jj^x, s, - (1 + 5")4(^' jlix, s, Os - i^^G^x, s) + g\x, s)s > 0, 

and G^{x,s) > for a.e. x € U and all (s,^ G M x with \s\ > RK 

Proof. A direct calculation yields 

Y^j^x, s, - 4{x, s,0-C- jlix, s, Os - Y^G^x, s) + g\x, s)s 

_ f (^)^ j^(a;^y,(g)^y;,/(g)g)y(g) _ .^^^ Q {x , If (s)) + '^^^ g (x , ( g ))(/?( g ) 

(p{s) 1-/3 (f{s) 

-j{x,ip{s),ip {s)Q 



(f{s) \(p'{s)s 1-/3" 

ip'{s)s V ^ [s) ' 

- js{x, (fis), ip'{s)0'p{s) - T^^^T^Gix, ip{s)) + g{x, ip{s))ip{s)) , 

I — P ip'[s)s / 

for a.e. x G and all {s, ^) G M x such that s ^ 0. We recall that j{x, r, C) > 0, j^{x, r, C) • C > 
and that the map s i— >■ sip{s) is nonnegative. Therefore, on account of condition (2.6), for all > 
small enough there exists R^ > large enough that |v'(s)| > R for all s G M with \s\ > i?" and 

YZ^jKx,s,0 -jl{x,s,0 ■ ^- jl{x,s,()s - YZ^G'^{x,s)+g^{x,s)s 

> ^ ^(s), ^'{s)0 - r/(l - mx, ^\s)0 

- Jd^, vis), v'{s)0 ■ V'{s)^ - r]{l - P)jdx, ip{s), (p'{s)^) ■ (p'{s)^ 

- js{x, (p{s), ip'{s)Oip{s) - vG{x, Lp{s)) - rj{l - /3)G{x, ip{s)) + g{x, ip{s))ip{s] 

> ((1 _ - r?)(5 - r?(l - /3))4(x, s,0-C 

- - ^)vjHx, s, - - /3)ryG'»(x, .) 
(p{s) ip{s) 

> ((1 - /3)-i r/(l - mlix, 6 • e - '^VjHx, s, - 2r/G«(x, s), 
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for a.e. x G and all (s,^) G M x such that \s\ > Finally, since by convexity of j'^ and 
s, 0) = we have s, ^ • ^ > j^{x, s,^,), we get 

> 6^jl{x, s,0< + 2r]j^{x, s,0- 2r/G«(x, s). 

In turn, choosing rj small enough and setting 

5» = (1 - j3)-^5 - 7?(5 + 5) + 77^(1 _ /3) > 0, J = v{\ - /3)-^ - 2r/ > 2, 

the assertion follows. □ 

Corollary 2.16. Let if G C^(M) he a diffeomorphism satisfying the properties of Definition 2.1. 
Assume that ^ i— )> j{x, s,^) is homogeneous of degree two and that there are v > 2 and R > with 

(2.41) j,(x,s,e)s <0, 0<iyG{x,s) <g{x,s)s, 

for a.e. x and all (s,^) G M x with \s\ > R. Then 

Jj^{x, s, e) - (1 + S^)jl{x, s,0<- jlix, s, Os - JgHx, s) + g^x, s)s > 0, 
for a.e. x e and all (s,^) G M x with |s| > R"^, for some (5f > 0, i?^ > and J > 2. 
Proof. Since ^ i-^ j{x, s,^) is 2-homogeneous and > 2, there exists 5 > with 
i^j{x, s, - (1 + ^M^, s, e) • e = (i^ - 2 - 25)i(x, s, > 0, 
for a.e. x G and all (s,^) G M x M^. Hence, by assumptions (2.41), we get 

t^j{x,s,C) - {l + 6)j^{x,s,C) ■ C-js{x,s,^)s - uG{x,s) +g{x,s)s > 0, 
for a.e. x G O and all (s,^) G M x with \s\ > R. Proposition 2.15 yields the assertion. □ 

3. Multiplicity of solutions 

As a by-product of the previous results, we obtain the following existence result. Compared with 
the results of [5] here we can get infinitely many solution, not necessarily bounded. 

Theorem 3.1. Assume that G C^(M) satisfies the properties of Definition 2.1, (2.25) and let 
N >3. Moreover, let j : ^IxRx — > M satisfy (2.1)-(2.2), ^ i-^ j(x, s, be strictly convex, and 

(3.1) j{x,-s - = j{x,s,(), for a.e. X £n and all (s,^) eRxR^ , 

(3.2) jl{x, s, C)s > 0, for all \s\ > i?" and some i?" > 0. 
Let (7 : X M — 7- M be continuous, satisfying (2.27) with 2 < p < 2*(1 — jS), 

(3.3) g{x, —s) = —g{x, s), for a.e. x G ^2 and all s G M, 

G{x,s) > for \s\ > R and the joint conditions (1.7) and (2.26), for some R>0. Then, 

{— div(j^(x, u, Vn)) + js{x, u, Vn) = g{x, u), in 0, 
n = 0, on (90 

admits a sequence (un) of generalized solutions in the sense of Definition 2.4. Furthermore, 

2N N Nq{l-P) 

<q<— =^ Un^L ^-29 (0), 



N + 2 ^ 2 

g > y =^ n„ G L°°(0), 
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in the notations of assumptions (2.27). In particular, if q > N/2, it follows that € -f^o(^^) n 
L°°(r2) are solutions in distributional sense. 

Proof. Of course, ^ i-> j'^{x,s.,^) is strictly convex. By assumptions (2.1)-(2.2), (2.27), (1.7) and 
(2.26), in light of Propositions 2.3, 2.9, 2.10 and 2.15 and taking into account the sign condition 
(3.2) for jH, [18, assumptions (1.1)-(1.4), (1.7), (2.2), (2.4) and the variant (1.7) for j" of conditions 
(1.9) and (2.3) joined together which still guarantees the boundedness of Palais-Smale sequences] 
are satisfied for j" and for some i?". Also, since ip is odd, (3.1) yields 

/(x, -s,-^) = j{x,if{-s),-ip'{-s)C) = j{x,-ip{s),-(p'{s)^) =/(x,s,0, 

for a.e. x G and all (s,^) € M x and, analogously, (3.3) yields 

g^{x, -s) = g{x, ip{-s))ip'{-s) = g{x, -ip{s))ip' (s) = -g\x, s), 

for a.e. x € and all s € M. Then, we are allowed to apply [18, Theorem 2.1] and obtain a 
sequence {vh) C Hq{Q,) of generalized solutions of (2.13) in the sense of [18], namely 

jl{x,Vh,Vvh) -Vvh G L^in), jl{x,Vh,Vvh)vh G L^{^), 

and 

/ jUx,Vhyvh) -Vij + / jl{x,Vh,\7vh)ip = / g^{x,Vh)'ip, VV'GK;^. 
Jn Jn Jn 

In particular, (vn) is a sequence of Hq{Q) generalized solutions of problem (2.13) in the sense of 

Definition 2.4. The desired existence assertion now follows from Proposition 2.6 for ii„ = (p{vn). 

Concerning the summability, if £ L^{0,) and |g''(x,s)| < a'^{x) + £qj, x € O 

and all s € M, then, by [18, Theorem 7.1], a generalized solution v € Hq{^) of problem (2.13) 

belongs to L^''/^'^'^''\n) for any 2N/{N + 2) < r < N/2 and to L°°(0), for ah r > N/2. Since g 

is subjected to (2.27), by Proposition 2.10, we also get the final conclusions. □ 

Remark 3.2. We believe that Theorem 3.1 remains true if (3.2) is substituted by (1.6). 

Remark 3.3. For /5 = 0, the summability of solutions coincide with the standard one. 

The next proposition yields a class of j, which is the one studied in [5] (condition (3.4) below is 
precisely condition (1.3) in [5]), satisfying the assumptions of Theorem 3.1. 

Proposition 3.4. Assume that j : x M x -^R is of the form 

j{x,s,0 = ^a(x,s)|C|^ 

where a{x, •) € C"'^(M, M"*") for a.e. x £ Q. Assume furthermore that there exist R>0 such that 

(3.4) - 2/3a(x, s) < Dsa{x, s)(l + |s|)sign(s) < 0, 

for a.e. x € and all s £ M. with \s\ > R. Let (p € C^(M) be a diffeomorphism according to 
Definition 2.1 which is addition satisfies 

(3.5) if" is) - ^'^ ^''^} , > 0, for alls£R with s > I. 

1 + (p{s) 

Then there exist > 2, 6'^ > and > such that 

sjl{x,s,() > 0, z.«jtt(x,s,e) - {l + 6^)jl{x,s,0<-jl{x,s,()s > 
for a.e. x G ^2, all ^ £ M^, and every s € M with \s\ > RK 
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Proof. Let > 1 he such that \ip{s)\ > R for all s G M with |s| > RK Then, by (3.4), for all 
s > R^ we have (/^(s) > R and 

jl{x,s,0 = [Dsaix,^{s)Wis)f + 2^'isW{s)a{x,^is)m\^/2 



> a{x,ip{s))ip'{s) 



Recalling that a{x,(p{s)) and (p'{s) are positive and by (3.5), one gets jl{x,s,^) > 0. Similarly, if 
s < —R^, again by (3.4), we have ip{s) < —R and 

i|(x, s, < a{x, ^{sWis) [ /^ly + /'(.)] \e, 

ll + \ip{s)\ J 

and so that jl{x,s,^) < 0, again due to (3.5), since being (f and (p" odd and (p' even yields 



for all s G M with s < -1. 



The second inequality in the assertion follows from Corollary 2.16 (applied with g = 0), since 
^ I— > j{x, s, ^) is 2-homogeneous and js{x, s, £,)s < for a.e. x G 0, all ^ G and any |s| > R. □ 

Remark 3.5. In the statement of Proposition 3.4, in place of condition (3.4), one could consider 
the following slightly more general assumption: there exists R>0 such that 

(3.6) - 2/3|s|a(x, s) < Dsa{x, s){b{x) + s2)sign(s) < 0, 

for a.e. x G and all s G M with |s| > R, for some measurable function & : — )■ M such that 
< b{x) < u, for some > 0. This condition is satisfied for instance by a{x, s) = {b{x) + s'^)~^ 
with b measurable and bounded between positive constants. 

Remark 3.6. When the maps s ^ j''(a;, s, ^), ji(x, s, ^), j|(x, s, ^) are bounded, the variational 
formulation of (2.13) can be meant in the sense of distributions (see Proposition 2.8). For instance, 
as it can be easily verified, this occurs for the a mentioned in Remark 3.5, a(x, s) = {b{x) + s'^)~^ . 
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